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Figure 1. One degree of freedom system oscillator with an active
NDF controller.
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After applying Laplace transform to equations (3�B) and (3�C),
the performance index of the system in the closed loop con-
figuration (the ratio of displacement to disturbance force) in
Laplace domain is extracted and presented in below:
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The above equation represents the performance index of the
NDF controller on the SDOF system and to increase the effic-
acy of a controller it is desired to minimize the value of the
performance index, in order to have lower displacement when
higher disturbances are applied to the system. The NDF con-
troller should be designed in a way which minimizes the per-
formance index of system.

2.1. Maximum damping method

For minimizing the performance index, first a maximum
damping method is utilized. Maximum damping is a very
effective method which ensures achievement of highest damp-
ing possible after closing the loop, by finding best candidates
for locations of the controller poles. Based on the maximum
damping method, in these kinds of systems, the best pole of
NDF is at location where creates both of the closed-loops poles
with an equal damping ratio. By considering this method and,
the performance index of the closed loop system can be written
as:
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where 
 = ! �G
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,! �Gand � are closed-loop resonance frequency

and damping of the system, respectively. For applying max-
imum damping to an SODF, the characteristic equation of
them should be the same. This means that, by comparing the
denominator of the fraction in equations (5) and (6) and equat-
ing the polynomial coefficient of them maximum damping
method will be applied to SDOF system. This creates the fol-
lowing equations:
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By considering these four equations, the NDF controller para-
meters can be defined based on the closed loop damping. From
equation (7�E), it can be easily concluded that


 =
√

�: (8)

This equation implies that the resonance frequency of the
closed loop system can be determined by the cutoff frequency
of the controller. Also considering equations (7�B) and (8), the
damping ratio of the controller can be extracted:
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By putting equation (8) into the equation (7�C), the controller
cutoff frequency parameter can be determined:
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The parameter of� determines the distance between the con-
troller cutoff frequency to targeted mode. Based on maximum
damping method, this value is dependent on the closed loop
damping value. Considering equations (7�D)–(9), the controller
gain parameter is extracted:

� = 4�
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�

)
: (11)

So, in overall based on the maximum damping method, the
NDF parameters are defined by equations (9)–(11). All of
these parameters are dependent on the closed loop damping
(� ) and therefore these equations are rewritten dependent only
closed loop damping in the below table.

So, all of the parameters of the controller are determined
as a function of closed loop damping based on maximum
damping method and presented in table1. Having table1
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Table 1. Parameters of controller as a function of closed loop
damping.
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and considering equations (4�D), (4�F) and (4�E), all of paramet-
ers of equation (2�C) is defined based on maximum damping
method. All of these parameters are dependent on the closed
loop damping value which should be determined optimally. In
the next step an optimization method is deployed to determ-
ine the value of closed loop damping (and consequently the
controller parameters) optimally.

2.2.H2 optimization method

In previous section, the candidates for maximum damping
method are extracted. These infinite number of candidates can
be calculated for each value of closed loop damping from zero
to one. In the next step an optimization method should be con-
sidered to find an optimal one among all of the candidates for
the controller. The optimization method can affect the optimal
value for closed loop damping significantly. Two methods can
be considered for optimization which are�) 2 method and �)∞
method.�) 2 method minimizes the magnitude of performance
index in all of the frequencies from zero to infinity in the
optimization procedure, while�)∞ minimizes the magnitude
of performance index only the natural frequency of plant. Even
though�)∞ can lead to higher values for closed loop damping,
it can come to the price of vibration magnification in the fre-
quencies which was not considered in the process of optimiz-
ation. This can easily cause lower phase margin or instability
issues in the closed loop. Therefore, it is highly recommended
to consider�) 2 method in which all of frequencies (from zero
to infinity) are considered in the process of optimization. This
can guarantee the stability of the closed loop system with an
acceptable amount closed loop damping.

In this section a�) 2 method is used to determine the optimal
value of the closed loop damping. The optimal value of the
closed loop damping should be chosen in order to minim-
ize the performance index of the system. For this purpose,
first the performance index of the system is rewritten based
on the closed loop damping and controller cutoff frequency
parameter (� ) (which is also dependent on closed loop damp-
ing (equation (10)). So, by putting equations (8) and (9) into
equation (6), the performance index equation after applying
maximum damping can be extracted as:
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There are several ways to minimize the above equation. How-
ever, in order to reduce undesired impacts of the control action

for all frequencies,�) 2 method is preferred. Based on the�) 2

optimization method, the value of
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imized. According to Crandall�F�U �B�M[12], for a general transfer
function such as:

�( (�T) =
�C3�T3 + �C2�T2 + �C1�T+ �C0

�B4�T4 + �B3�T3 + �B2�T2 + �B1�T+ �B0
: (13)

The cost function for�) 2 norm for this transfer function is:
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Based on these equations, the cost function of the system per-
formance index (equation (12)) are extracted. The cost func-
tion is dependent on the closed loop damping ratio:
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(
4� 2 + 1

)
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√
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In order to find the optimal value for closed-loop damping, the
cost function (after putting equation (10) into equation (16)
is differentiated with respect to closed-loop damping (� ) and
equating the extracted equation to zero (d(PI)

d� = 0) yields:

� > 1 � < 1
� opt= 0:41056 No optimal Value

: (17)

For the condition of cutoff frequency lower than targeted
mode (� < 1) the optimized value for closed loop damping is
0.410 56 and for the condition of cutoff frequency higher than
targeted mode(� > 1) there is no optimal value for closed-
loop damping. These cost function for various closed-loop
damping are plotted in the figure2 for both conditions to show
the results insightfully (figure2).

By �) 2 method, in the case of� < 1 there is an optimal value
for the closed-loop damping around 0.41056. However, in the
case� > 1 there is no optimal value for the closed-loop damp-
ing and in this condition as the� increases from zero to one,
the cost function decreases dramatically. Therefore, for hav-
ing a better performance it is inclined to consider the condition
of � < 1 which means that the cutoff frequency of controller
lower than targeted mode. This has a benefit of damping the
frequencies after the target mode as well.
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by decreasing the gain of controller as well. Also, the effect of
the cutoff frequency parameter (� ) is not ignorable. In order to
increase the stability of system, it is preferred to have higher
distance between the cutoff frequency and the targeted mode.
This means that choosing a cutoff frequency near to the tar-
geted mode (before or after the mode) increases the possib-
ility of instabilities. For this reason, usually NDF controller
is cutting off the control action far from natural frequencies
associated with controlled modes.

4. NDF controller for α < 1

In this section, an NDF controller in the condition of� < 1 is
evaluated. For this purpose the effect of changing the closed-
loop damping (� ), controller damping ratio (� ), controller gain
(� ), controller cutoff frequency (� ) on the frequency response
and root locus are investigated separately. A simple system
with the specifications of�N= 1 kg and �L= 1 Nm −1 is con-
sidered and the response of the system for different conditions
are calculated and compared with each other in detail.

4.1. Effect of changing closed loop dampingη

In the figure3, the effect of the changing closed-loop damping
(� ) on the frequency response and root locus are evaluated,
separately.

In the frequency response, it has been shown that increas-
ing the value of closed-loop damping till the optimal value,
increases the damping of structure. Increasing the closed-
loop damping more than that, creates more vibration reduction
around the targeted mode, however it also causes high vibra-
tion magnification at lower frequencies. Hence, increasing the
value of� increases the vibration reduction amount around
the natural frequency, but this comes to the price of vibration
magnification at lower frequencies which is not desirable. On
the other hand, decreasing the value of� , decreases the vibra-
tion reduction amount around the natural frequency and sys-
tem damping. Therefore, there is a compromise between the
vibration reduction around the natural frequency and vibration
magnification at lower frequencies. The optimum choice is the
optimal value of closed loop damping. The optimal magnitude
of � has an impressive vibration reduction around natural fre-
quency with less undesirable effect on lower frequencies.

The locations of NDF poles for various values of� are also
presented in figures3(b)–(d). In all of them, the closed loop
poles are intersecting at one location and that is feature of
maximum damping method. In the case of� = � opt=2 the NDF
poles are imaginary and before the targeted mode. But in the
case of� = � opt and � = 2× � opt the NDF poles are real in the
horizontal axes. This shows the importance of the location of
poles of NDF on the closed loop damping. In figure3(d) root
locus of the system with optimal� is presented.

4.2. Effect of changing controller damping ratioξ

In the figure4, the effect of the changing controller damping
ratio (� ) on the frequency response and root locus are presented
separately.

The frequency response figure shows that increasing the
value of� , decreases the effect of controller on vibration reduc-
tion amount around the natural frequency, slightly. On the
other hand, decreasing the value of� increases the vibra-
tion magnification level around the natural frequency but it
also creates a pick at lower frequencies which is unsettling.
Another important point is the fact that the root locus figure
shows that decreasing the value of� may lead the system to
become close to instability. This fact was also shown in the
table2.

All of these results show that the controller damping ratio
has a very high impact on the system response and should
be chosen adequately. Otherwise, it can easily cause lower
performances in the response or even instabilities. In another
word, the NDF controller is very sensitive with the value of
the damping ratio and this value can impact highly on the per-
formance in closed loop.

4.3. Effect of changing controller gainβ

In the figure5, the effect of the changing controller damping
gain (� ) on the frequency response and root locus are shown
separately.

The results shows clearly that, enlarging the value of
� (controller gain) rises the amount of vibration reduction
around the natural frequency. However, this causes a pick at
lower frequency which is unfavorable. Also, the side effect of
higher gain is the probability of instability. Therefore, it is not
recommended to increase the gain higher than optimal gain.
From the root locus plot it is obvious that increasing the gain
higher than 40% of the optimal value, can cause instability.
This phenomenon was discussed in table2 as well.

On the other hand, reducing the value of� , dwindles
the effect of controller and declines the vibration reduction
amount around the natural frequency.

4.4. Effect of changing controller cut-off frequency (α)

In the figure6, the effect of the altering controller cut-off
frequency (� ) on the frequency response and root locus are
presented separately.

Figure6(b) shows that declining the value of� (which rep-
resents controller cutoff frequency) drops the damping of the
system and consequently decreases the amount of vibration
reduction around the natural frequency.

On the other hand, enlarging the value of� (figure6(c)),
rises the system’s damping and the vibration reduction level
around the natural frequency. However, this comes with
price of vibration magnification in the lower frequencies
(figure6(a)). Also, figure6(c) shows that increasing the con-
troller cutoff frequency parameter, can lead the system to close
margins of instability.

In the frequency response (figure6(a)), all of the responses
goes through one fixed point which considered as a fixed point
of the system. This fixed point, has a lower frequency than
targeted mode.
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Figure 3. (a) Performance index for various values ofη in the condition ofα < 1 and (b) root locus forη = 2× ηopt. (c) Root locus for
η = ηopt/2. (d) Root locus forη = ηopt.
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