
Original Article

Journal of Intelligent Material Systems
and Structures
2015, Vol. 26(15) 1995–2010
� The Author(s) 2014
Reprints and permissions:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/1045389X14546652
jim.sagepub.com

Dynamic analysis and H2 optimisation
of a piezo-based tuned vibration
absorber
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Abstract
In this article, a piezo-based tuned vibration absorber is proposed and theoretically analysed. The proposed device con-
sists of a proof mass, a piezoelectric actuator and a resilient element (spring). An equivalent mechanical model where
the piezoelectric element is connected to a general circuit composed of a resistor, an inductor and a capacitor in series
(RLC) is presented to illustrate the coupling of the electrical components with the mechanical systems. Based on the
mechanical replacement model, a C or L circuit can be used to realise a piezo-based tuned vibration neutraliser, while
with an RC or RL circuit the piezo-based tuned vibration absorber can be considered as a piezo-based tuned mass dam-
per. For the C and L circuits, tuning strategies are derived to adjust the shunt capacitance and inductance to track the dis-
turbance frequency. In the case of RC and RL shunt circuits, an H2 optimisation criterion is used for tuning the piezo-
based tuned mass damper. Closed-form expressions for the optimal tuning parameters are provided in this article.
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Introduction

Dynamic vibration absorbers (DVAs) have been widely
used to suppress undesirable vibrations of various types
of mechanical structures such as machinery, helicopters,
bridges and buildings. The most generic form of a DVA
is an auxiliary system that consists of a mass and a
spring or a spring–dashpot pair. Depending on whether
the excitation of the primary structure is at a specific
single frequency or it covers a broad range of frequen-
cies, the design requirements on DVAs are different.
When the primary system is subjected to a harmonic
excitation, the DVA can be carefully designed such that
its resonance frequency coincides with the excitation
frequency. If the absorber damping is small, the DVA
will significantly suppress vibrations over a very narrow
bandwidth around the resonance frequency of the DVA
(Den Hartog, 1934; Hunt, 1979; Mead, 1999). This type
of absorber is often referred to as vibration neutraliser.

On the other hand, if the disturbance has a broad
frequency range, which occurs, for example, with aero-
dynamic loading, vehicle road excitations, earthquakes
or impacts, achieving reductions at a single frequency is
not necessarily useful, but reduction in a given fre-
quency band is required. In such cases, the damping of
the absorber should be increased so that certain vibra-
tion metrics are minimised in the frequency band of

interest (Warburton, 1982). This type of absorber is
often referred to as tuned mass damper (TMD).

For both types of DVA, deviation from the desired
settings can seriously degrade the performance (Von
Flotow et al., 1994). For example, a mistuned vibration
neutraliser could actually amplify the vibration of its
host structure due to a drift in the excitation frequency.
Similarly, a mistuned mass damper yields less vibration
reduction of the host structure in the interesting fre-
quency band. As a result, DVAs with tuneable proper-
ties have been extensively studied. For example, the
resonance frequency of a DVA can be tuned through
changing the stiffness of the absorber spring. In this
case, variable geometries or active smart materials can
be used to realise the absorber spring. Examples of for-
mer can be found in Walsh and Lamancusa (1992),
Kidner and Brennan (2001) and Bonello et al. (2005);
however, it is quite a design challenge to develop a
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practical and rugged adaptive device under the con-
straints of weight, size and cost (Sun et al., 1995).
Therefore, the realisation of a tuneable DVA using
smart materials (active elements) has recently drawn a
lot of attention (Alujević et al., 2012; Gardonio and
Zilletti, 2013; Jalili and Fallahi, 2002; Rustighi et al.,
2005; Williams et al., 2002). In most cases, the active
elements are placed in parallel with the resilient ele-
ment, which support the reaction mass. With appropri-
ate control algorithms to regulate the input voltage or
current, a smart material-based vibration absorber is
able to track the variation in a tonal excitation fre-
quency (Hollkamp and Starchville, 1994; Niederberger,
2005) or minimise vibrations of the host structure in a
frequency band of interest (Behrens et al., 2003;
Neubauer et al., 2006).

Because of their relatively high electromechanical
transduction properties (Moheimani and Fleming,
2006), piezoelectric materials offer an attractive possi-
bility for implementing tuneable vibration absorbers.
The principle is that a change in the electrical boundary
conditions of the piezoelectric element leads to a
change in its mechanical properties such as its effective
stiffness and effective damping (Date et al., 2000;
Lesieutre, 1998). If part of the vibration absorber stiff-
ness and damping is provided by the piezoelectric ele-
ment, the properties of this vibration absorber can then
in principle be controlled by a tuneable external electri-
cal circuit connected to the piezoelectric element. Date
et al. (2000) proved that the effective elastic modulus
and the effective damping of polyvinylidene difluoride
(PVDF) samples can be modified by connecting a nega-
tive capacitance and a resistance, respectively. Davis
and Lesieutre (2000) developed a tuneable solid-state
piezoelectric vibration absorber, where a piezoelectric
transducer is incorporated into the suspension of a pas-
sive absorber. The resonance frequency of the devel-
oped device is thus partly determined by the stiffness of
the piezoelectric element. By altering the positive
switching shunt capacitance, a 63.7% tuneable fre-
quency band is reported.

An alternative RL circuit has also been investigated
for realising shunt tuned DVAs (Hagood and Von
Flotow, 1991; Hollkamp, 1994; Neubauer et al., 2006;
Park and Inman, 2003; Sales et al., 2013; Wu, 1996). In
these articles, the shunt circuit consisting of a resistor
and inductor either in series or in parallel is discussed.
The shunt inductance and resistance behave as an addi-
tional mass and damper, respectively, so that the
shunted piezoelectric device acts as a damped vibration
absorber. Apart from the above-mentioned linear shunt
circuits, the switched shunts as nonlinear shunt circuits
have also been studied (Corr and Clark, 2001;
Guyomar et al., 2008). The principle is to continuously
change the shunt impedance synchronously with the
mechanical oscillations. In order to deal with the non-
linear behaviour of the switching shunt circuits, the

harmonic balance method can be used to simplify the
modelling of the nonlinear system (Neubauer and
Wallaschek, 2010).

This article focuses on a systematic comparison of
the performance of a piezo-based tuned vibration
absorber (PBTVA) with different linear shunt circuits.
An equivalent mechanical model for a PBTVA con-
nected with a RLC circuit is presented. In particular,
realisation of the piezo-based tuned vibration neutrali-
ser (TVN) and the piezo-based TMD is addressed. The
optimal shunt parameters are derived in closed-form
formulations for the two cases. For a piezo-based
TVN, the optimal shunt parameters are chosen such
that the response of the primary structure at the excit-
ing harmonic frequency is as small as possible. For the
piezo-based TMD on the other hand, the optimal para-
meters are derived to minimise the kinetic energy of the
primary mass in a given frequency band using an H2

optimisation scheme on the coupled system composed
by the PBTVA and the primary structure. Depending
on the mechanical properties of the primary structure
and the PBTVA, a negative capacitance might be
required, which can cause stability problems. A stabi-
lity analysis is performed and the gain margin towards
the stability boundary is determined. The principal con-
tributions of the work presented are as follows: (a) the
development of equivalent mechanical models that
enable a straightforward interpretation of the physics
behind the various shunt techniques, (b) the derivation
of the optimal shunt parameters using an H2 optimisa-
tion criterion in the closed form (minimisation of the
kinetic energy of the primary structure) and (c) the rela-
tive stability analysis based on the gain margin for the
case when an active shunt circuit with ‘negative capaci-
tance’ is employed.

This article is structured into five sections. In section
‘Dynamic analysis of a piezo-based vibration absorber’,
the motion equations of the PBTVA system are derived.
Based on these general equations, equivalent mechani-
cal models for single R, C and L circuits are deduced.
Sections ‘Realisation of a piezo-based TVN’ and
‘Realisation of a piezo-based TMD’ deal with the rea-
lisation of the piezo-based TVN and the piezo-based
TMD, respectively. Closed-form expressions for the
optimal shunt parameters are derived and their perfor-
mance is compared. Section ‘Conclusion’ summarises
the main conclusions of this article.

Dynamic analysis of a piezo-based
vibration absorber

The system under investigation is shown in Figure 1.
The primary structure is modelled as a lumped para-
meter single-degree-of-freedom system (m1, k1 and d1).
The PBTVA consists of a reaction mass m2, a damper
d2, a stiffness k2 and a piezoelectric transducer. The
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stiffness k2 represents all stiffness elements between
masses m1 and m2, with the exception of the stiffness of
the piezoelectric element.

The global constitutive equations of the piezoelectric
element can be expressed as (Preumont, 2002)

Qp =Cp 1� k2
� �

up + d33kmx ð1Þ

Fp = � d33kmup + kmx ð2Þ

where Qp is the electric charge on the electrodes of the
piezoelectric element, x= x2 � x1 is the extension of the
piezoelectric stack; Fp is the force acting on the surface
of the piezoelectric element; up is the voltage between
the electrodes of the piezo; Cp is the capacitance of the
piezo with no external load (Fp = 0); km is the stiffness
of the piezoelectric element when its electrodes are
short-circuited (up = 0); k is the electromechanical cou-
pling factor of the material, which gives the conversion
efficiency of mechanical into electrical energy and vice
versa and finally d33 is the piezoelectric constant (m/V).
Subscript 33 indicates that only the longitudinal direc-
tion of the piezoelectric element is considered and the
electric field is parallel to the poling direction.

Considering a RLC serial shunt circuit is connected
to the piezoelectric element, the relationship between
the voltage up over the piezoelectric element and its
stroke x can be established

LCps€up + Ld33km€x+RCps _up +Rd33km _x

+
Cps

C
+ 1

� �
up +

d33km

C
x= 0 ð3aÞ

where

Cps =Cp 1� k2
� �

ð3bÞ

In equation (3a), C can be positive or negative.
A negative value indicates a negative capacitance,

which can be emulated in practice using the circuit
described in Date et al. (2000). In this article, the design
of such a negative capacitance circuit is not addressed;
an ideal negative capacitance is assumed throughout
the study.

The equations of motion for the mechanical part of
the system read

m1€x1 + d1 _x1 + d2 _x1 � _x2ð Þ+ k1x1 + k2 x1 � x2ð Þ � Fp =Fd

ð4Þ
m2€x2 � d2 _x1 � _x2ð Þ � k2 x1 � x2ð Þ+Fp = 0 ð5Þ

where Fp is the reaction force generated by the piezo-
electric element as given in equation (2) and Fd is the
disturbance force.

In order to develop a fully mechanical replacement
model, the voltage up across the electrodes of the piezo-
electric element and its stroke x are grouped as x3

x3 = x2 � x1 + up

Cps

d33km

ð6Þ

Having the displacement x1, x2 and x3 as the degree
of freedom, the dynamic behaviour of the system is then
described as
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with

m3 = Lk2kmCp ð7bÞ

d3 =Rk2kmCp ð7cÞ

kc = k2kmCp=C ð7dÞ

and

ke = k2kmCp=Cps ð7eÞ

Using these notations, the inductance L, capacitance
C, resistance R and the piezoelectric capacitance Cps

are represented by the equivalent mechanical mass m3,
damping d3, spring kc and spring ke, respectively. The
third degree of freedom is the displacement of the
equivalent mass m3. Now, the reaction force Fp pro-
duced by the piezoelectric element can be expressed
only in terms of the mechanical parameters of the
system

Figure 1. Scheme of the system under investigation.
PBTVA: piezo-based tuned vibration absorber.
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Fp = km x1 � x2ð Þ+ ke x3 � x2 + x1ð Þ ð8Þ

As such, an equivalent mechanical model is devel-
oped with an identical dynamical behaviour as the sys-
tem shown in Figure 1. This mechanical model is
depicted in Figure 2; the first term of the right-hand
side of equation (8) is described by spring km between
m2 and m1, while mass m3, spring kc, spring ke and the
damping d3 represent equation (8) and the right-hand
side of equation (7a).

If damper d3 and mass m3 are absent (R = 0 and
L = 0, respectively), the system shunt with only a capa-
citance can be considered. The corresponding equiva-
lent model is shown in Figure 3(a), which can be further
simplified to the model presented in Figure 3(b).

In Appendix 2, the equivalence of the two models
shown in Figure 3 is presented. From the simplified
model, it can be seen that the C circuit is modelled as a
spring kc, which is added in series with the equivalent
spring ke introduced by the piezoelectric capacitance.
The case where kc = 0 (C =‘), corresponding to the
short-circuited piezo, the branch that contains kc breaks
such that no transmission force passes this branch and
the piezoelectric effect disappears. In the open-circuit
case where kc =‘ and consequently C = 0, there is no
relative displacement over kc such that ke represents the
whole branch.

Using a similar procedure, the equivalent mechanical
model and its simplified model for the R shunt circuit
are presented in Figure 4(a) and (b). In the simplified
model, the R circuit is mapped to a damper, which is
also placed in series with the equivalent spring ke.

Finally, the equivalent mechanical model for the L
circuit can be obtained by removing spring kc and dam-
per d3, both shown in Figure 2. Then the shunt induc-
tance is projected to an equivalent mass m3 placed
between masses m1 and m2 with a positive and a nega-
tive spring ke, respectively.

In order to come to a more general formulation, the
following non-dimensional parameters are introduced

t =v1t, m=
m2

m1

, f =
v2

v1

, 2D1 =
d1

v1m1

,

2D2 =
d2

v2m2

2D3 =Cpsv1R, l=CpsLv1
2,

d=
Cps

C
, g =

kmk2

k1(1� k2)
, _x=v1x0 ð9Þ

Figure 3. Mechanical replacement model for C circuit: (a) original model and (b) simplified model.

Figure 2. Mechanical replacement model for a general RLC
circuit.
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where v1 =
ffiffiffiffiffiffiffiffiffiffiffiffi
k1=m1

p
is the resonance frequency of the

primary structure and v2 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(k2 + km)=m2

p
is the reso-

nance frequency of the vibration absorber when the
piezo is short-circuited. The equations of motion with
normalised parameters can then be written as
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ð10aÞ

with

~Fs =
Fs

k1

ð10bÞ

An undamped mechanical system is assumed in
order to simplify the mathematical expressions in the
following sections. This is done by setting the para-
meters d1, d2, D1 and D2 equal to 0.

Transforming equation (10a) to the frequency domain,
the dimensionless driving point mobility of the primary
structure with a general RLC circuit can be derived

Y RLC
1, p =

lmV5i� (1+ d)m+ lqð ÞV3i
+ 2D3mV4 � 2D3qV2 + f 2m+ dqð ÞVi

� �
�lmV6 + 2D3mV5i+ (d+ 1)m+ lOð ÞV4

�2D3OV3i� pV2 + 2D3qVi+ f 2m+ dq

� �
ð11Þ

where p= f 2(1+d)m2 +((d+1+ l) f 2+ d+1+ dgÞ ,
m+ g(d+ l)q= g + f 2m and O=mq+ q+m are
substitutions to shorten the expression, and V=v=v1 is
used to normalise the frequency with respect to the reso-
nance frequency of the primary structure.

Realisation of a piezo-based TVN

In order to realise a piezo-based TVN, the absorber
damping introduced by the shunt circuit should be as
low as possible as explained in the previous section.
This condition is met by a shunted circuit consisting
of only a capacitance or an inductance (no resis-
tance). In practice, there always will be some addi-
tional mechanical and electrical damping that cannot
be removed from the structure, such that the expres-
sions derived in the following paragraphs are valid if
the inherent electrical and mechanical damping is suf-
ficiently small to consider the coupled structure as
lightly damped.

Realisation of a piezo-based TVN with a capacitance
circuit

The system shunt with only a C circuit is considered
first. This is done by setting the parameters l and D3 in
equation (11) equal to 0. The driving point mobility of
the primary structure is then given by

Y C
1, p =

�(1+ d)mV2i+ mf 2 +mf 2d+ dgð Þ
� �

Vi

(1+ d)mV4 � 1+ f 2 + gð Þd+ f 2 + 1ð Þm+ f 2(1+ d)m2 + dgð ÞV2 + f 2(1+ d)m+ dg
ð12Þ

Figure 4. Mechanical replacement model for R circuit: (a) original model and (b) simplified model.
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When the parameter d is negative (negative capaci-
tance), the system might become unstable. Therefore, a
stability analysis is performed by applying the Routh–
Hurwitz criterion to the characteristic system equation
(Meirovitch, 1990), which is the denominator of equa-
tion (12). It is shown that the system is stable if and
only if d is within the boundaries defined by inequal-
ities (13) and (14)

d.dcr1 ð13Þ

d\dcr2 ð14Þ

with dcr1 = � 1+(g=(mf 2 + g)) and dcr2 = � 1.
Physically, the instability occurs when the total

effective stiffness of the PBTVA becomes negative. As
shown in Figure 3(b), the effective stiffness of the
PBTVA ktotal can be calculated as

ktotal = k2 + km +
kekc

ke + kc

= k1

d g +mf 2ð Þ+mf 2

1+ d

� �
ð15Þ

where the range of d to keep the effective stiffness ktotal

to be positive is the same as given by inequalities (13)
and (14).

The asymptotic stability region derived for the C
shunt circuit also holds for other circuits containing a
capacitor, that is, RC and RLC circuits, as long as R
and L are positive. This is because positive resistors
and inductors are represented by dampers and masses
in the equivalent mechanical model and those elements
pose no stability problems.

The driving point mobility of the primary structure
given by equation (12) yields two poles and one zero for
any d within the stable region. The zero Vz is given by

Vz =6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m(1+ d) gd+mf 2 + dmf 2ð Þ

p
m(1+ d)

ð16Þ

where the sign 6 is used to guarantee that the dimen-
sionless frequency Vz is positive (‘+ ’ is for the stable
region given by equation (13) and ‘2’ is for the region
defined in equation (14)).

For a harmonic disturbance, effective vibration con-
trol of the primary structure is achieved when Vz coin-
cides with the excitation frequency. It is seen that Vz is
in function of four parameters: the mass ratio m, the
resonance frequency ratio f , the dimensionless electro-
mechanical coupling factor g and the capacitance ratio
d. The first three parameters f , m and g are related to
the system properties and therefore are fixed. Hence, d

is tuned in order to track a variable excitation fre-
quency. The dependence of the capacitance ratio d on
the desired zero of the driving point mobility is given by

d=
m Vz

2 � f 2
� �

g � mVz
2 + f 2m

ð17Þ

The potential of using the C circuit for realising a
piezo-based TVN is illustrated on a case study where m,
f and g are set to 0.12, 7.48 and 0.57, respectively.
These parameters are obtained based on a finite element
analysis of a piezo-based inertial shaker developed in
Zhao et al. (2012). Figure 5 plots the primary structure
driving point mobility for five different capacitance
ratios: N, 0, 20.922, 20.921 and 20.917. The values 0
and N of the capacitance ratio d correspond to the
piezoelectric element being short-circuited or left open.
The remaining capacitance ratios 20.922, 20.921 and
20.917 are chosen such that the zero Vz in equation
(17) is located at dimensionless frequencies of 0.5, 1 and
2, respectively. It can be seen in Figure 5 that the
response of the primary structure is completely attenu-
ated at the zero of the driving point mobility of the pri-
mary structure. In practice, the attenuation will be
smaller as some damping, either mechanical or electri-
cal, will always be present in the coupled system. Figure
5 also illustrates that Vz can be tuned by changing the
value of the capacitance shunt. The zero response for
the open-circuit case occurs at a frequency higher than
that for the short-circuit case; this is due to the fact that
the piezoelectric element in the PBTVA is stiffer with
open electrodes than when they are short connected. As
explained in section ‘Dynamic analysis of a piezo-based
vibration absorber’, the piezoelectric element is mod-
elled as two parallel springs km and ke for the open-
circuit case, whereas for the short-circuit case only one
spring km exists.

The results obtained with negative values of the
shunt capacitance should be taken with care, since a
perfect negative capacitance is assumed, whereas in
practice the shunt circuit emulating the negative capaci-
tance exhibits much more complex dynamics, which
may preclude the implementation of very large band-
width of the negative capacitance (De Marneffe, 2007).
It is nevertheless useful to have the idealised model
described here as a benchmark case.

Realisation of a piezo-based TVN with an inductance
circuit

An alternative approach to realise a piezo-based TVN
is to connect a shunt circuit including only an induc-
tance to the electrodes of the piezoelectric element of
the PBTVA. In that case, the driving point mobility of
the primary structure can be derived by setting the
parameters d and D3 in equation (11) to 0, such that
the driving point mobility reads

Y L
1, p =

�iV lmV4 � m+ lg + f 2lmð ÞV2 + f 2m
� �

lmV6 � f 2lm2 + 1+ 1+ f 2 + gð Þlð Þm+ lgð ÞV4 + f 2m2 + f 2 + f 2l+ 1ð Þm+ lgð ÞV2 � f 2m
ð18Þ
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Since the parameter l is presumed to be positive (a
positive inductance is attached to the piezoelectric ele-
ment electrodes), a stability analysis for this system is
not needed. The absorbing frequency (the zero of the
primary structure driving point mobility) of this system
can be obtained by setting the numerator of equation
(18) to 0, which yields two solutions

Vz1, z2 =

ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g +mf 2ð Þl+m6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g +mf 2ð Þ2l2 + 2gm� 2m2f 2ð Þl+m2

qr
2
ffiffiffiffiffiffi
lm
p ð19Þ

Two absorbing frequencies Vz1 and Vz2 (assuming
Vz1.Vz2) exist because that there are actually two
masses m2 and m3 attached to the primary structure for
the L circuit case, and each of them introduces a zero
on the driving point mobility of the primary structure.
Mass m3 is a virtual mass, delivered to the system by
the external inductance, as shown in Figure 2. In con-
trast to the C shunt circuit case, the parameter l is now
used to tune the absorbing frequency to track the varia-
tion in the excitation frequency. In order to tune one of
the neutraliser absorbing frequencies given by equation
(19) to an excitation frequency Ve, the parameter l

should be tuned to the following value

l=
m f 2 �V2

e

� �
V2

e �mV2
e + g + f 2m

� � ð20Þ

For positive values of l, vibration attenuation can
only be obtained when the disturbance frequency is out-
side the following frequency band given by

Ve1\Ve\Ve2 ð21Þ

where Ve1 = f and Ve2 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 + g=m

p
are the normal-

ised natural frequencies of the PBTVA when the

piezoelectric element short- and open-circuited, respec-
tively. The zero of the input driving mobility with the
frequency Vz2 can be used to realise attenuation in the
frequency range between 0 and Ve1, and the other zero
Vz1 in the frequency range between Ve2 and N.

The effects of using an L circuit for realising a piezo-
based TVN are illustrated in the same example system
used in the previous subsection. Figure 6 shows the pri-
mary structure driving point mobility plotted against
frequency for three different parameters l: 3.688, 0.921
and 0.229, which are chosen such that the zero Vz2 in
equation (17) is located at 0.5, 1 and 2, respectively.

It can be seen in Figure 6 that each absorbing fre-
quency (a zero response frequency in the driving point
mobility of the primary structure) has an adjacent reso-
nance (pole), which is very close in frequency to the
absorbing frequency itself. The adjacent poles and
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Figure 5. Driving point mobility of the primary structure connected to the PBTVA shunt with different capacitances.
PBTVA: piezo-based tuned vibration absorber.
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zeroes are in fact relatively much closer to each other
than in case with the C shunt circuit. This is a limita-
tion in practice, since it will be very difficult to accu-
rately tune the neutraliser. A very small error in tuning
could result in the excitation frequency coinciding with
the adjacent pole, resulting in a significant increase in
vibrations.

Comparing Figures 5 and 6, one can conclude that
either an inductance or a capacitance can be connected
to a PBTVA to realise a piezo-based TVN, and the
effect is similar in both cases since reduction is achieved
at one harmonic frequency. However, the L circuit case
requires a precise tuning of the shunt inductance due to
the vicinity of poles and zeroes, whereas the C shunt
case requires a special active electrical circuit to emu-
late the negative capacitance.

In order to understand the action of an L shunted
PBTVA, the deflection shapes of the system corre-
sponding to the three resonance frequencies are shown
in Figure 7. At the first resonance, the motion of all
three masses is in phase, while at the third resonance,
the motion of mass m1 is in phase with the motion of
mass m3 and out of phase with the motion of m2.
Depending on whether the second normalised reso-
nance frequency is greater than 1, the deflection shape
at this pole is different. When it is smaller than 1, mass
m1 moves in phase with mass m2 and out of phase with
mass m3. If it is larger than 1, the motion of mass m1 is
out of phase with the motion of masses m2 and m3.
This observation also indicates physically that the
proof mass m2 of the PBTVA does not vibrate at all

when the second resonance is equal to 1, while the
responsiveness of masses m1 and m3 go to N at this fre-
quency (Appendix 3). In practice, mechanical damping
or electrical resistance, which is always present in the
system, will preclude the unbounded response of the
masses.

Realisation of a piezo-based TMD

If the excitation has a broad frequency range, a neutra-
liser as presented in the previous paragraphs is no lon-
ger useful, since amplifications will occur at the new
resonances induced by the vibration neutraliser. To
avoid this, the PBTVA should be configured as a piezo-
based TMD minimising some vibration metrics in the
frequency band of interest. For this purpose, certain
damping has to be introduced in the suspension of the
PBTVA. This can be done by adding a resistor in the
shunt circuit, thereby optimally configuring RL and
RC circuits are performed in this section.

Derivation of the H2 optimal parameters –
minimisation of the kinetic energy

In this subsection, the kinetic energy of the primary
structure is used as the vibration metric to determine
the optimal parameters of a PBTVA shunt with RC
and RL circuits. A new dimensionless parameter Ik is
introduced, which is defined as the ratio of the kinetic
energy of the primary system to the excitation force
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Figure 6. Driving point mobility of the primary structure connected to the PBTVA shunt with different inductances.
PBTVA: piezo-based tuned vibration absorber.
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with a uniform spectrum density Sf (v) (Zilletti et al.,
2012)

Ik =
m1E½ v1j j2�
2Sf v1=k1

ð22Þ

where E[] denotes the expectation value and v1 is the
velocity of the primary mass m1. The unit of Sf (v) is
N2 s/rad. The constant Sf v1=k1 is introduced to ensure
that the performance index is dimensionless. The mean
squared value of the velocity of the primary mass can
be written as

E½ v1j j2�=
Sf v1

m1k1

ð+‘

�‘

Y1, p

�� ��2dV ð23Þ

where Y1, p is the dimensionless driving point mobility
of the primary system.

Substituting equation (23) into equation (22) yields

Ik =
1

2

ð+‘

�‘

Y1, p

�� ��2dV ð24Þ

The derived expression for Ik represents the kinetic
energy of the primary mass excited by a white noise
spectrum of unit amplitude. The driving point mobility
functions of the primary structure for the RC and RL
circuits are derived by setting the parameters d for the
RL circuit and l for the RC circuit in equation (11)
equal to 0, yielding the following equations

Y RL
1, p =

lmV5i+ 2D3mV4 � (m+ lq)V3i� 2D3 qV2 + f 2mVi

�lmV6 + 2D3mV5i+ qlm+(1+ l)m+ lqð ÞV4 � 2(qm+m+ q)D3V3i
� f 2m2 +mf 2 +m+ lqð ÞV2 + 2D3qVi+ f 2m

� � ð25Þ

Y RC
1, p =

2D3mV4 � m(1+ d)V3i� 2D3 f 2m+ gð ÞV2 + f 2(1+ d)m+ dgð ÞVi

2D3mV5i+m(1+ d)V4 � 2D3 m+ qm+ qð ÞV3i
� pm2 + p+ 1+(1+ g)dð Þm+ dgð ÞV2 + 2qD3 Vi+ pm+ dg

� � ð26Þ

where q= g + f 2m and p= f 2(1+ d) are substitutions to shorten the expression.
The performance indices IRL

k and IRC
k for the two shunt circuits can be calculated by substituting the coefficient

multiplying powers of V into the integration formulas given in Newland (2012) and James et al. (1947)

IRL
k =

�1=4f 2 f 2 � 2r � 2ð Þl2

+ 2l� 4D3
2 � f 2

� �
m3 + 2r

�1=8g � 1=4+ 1=4f 2ð Þl2

+ �1=4f 2 + 1=4ð Þl� D3
2 + f 2D3

2

� �
m

+ 1=4l2 +D3
2

� �
g2 + 1=4f 4l2m4

+
1=4 �g + f 2 � 1ð Þ2l2 + f 2 � 1=4g � 1=2f 4 � 1=2ð Þl+ 1=4+D3

2
� �

f 4

+ �1=2� 2D3
2

� �
f 2 +D3

2g +D3
2 + 1=4

� �
m2

0
BBBBB@

1
CCCCCA2p

D3m2g
ð27Þ

IRC
k =

f 2m3 (d+ 1)2f 2 + 4D3
2

� �
=4+ 2gm

d=4+D3
2 + d2=4

� �
f 2

+ �1=4+ g=8ð Þd2 � d=4� D3
2

� �

+

d=2+ d2=4+D3
2 + 1=4

� �
f 4 +

(� 1=2+ 1=2g)d2 +(� 1+ 1=2g)d� 2D3
2 � 1=2

� �
f 2

+ 1=4+ 1=2d+D3
2g +D3

2 + 1=4d2

0
@

1
Am2 + g2 d2

4
+D3

2
� 	

0
BBBBB@

1
CCCCCA2p

m2gD3

ð28Þ

For fixed values of f , m and g, the remaining parameters for the optimisation are either D3 and l or D3 and d

for the RL and RC circuits, respectively. The optimal parameters DRL
3, opt and lopt, and DRC

3, opt and dopt are found by
solving the following equations

dIRL
k

dD3

f ,m, r,DRL
3, opt, lopt

� 	
= 0

dIRL
k

dl
f ,m, r,DRL

3, opt, lopt

� 	
= 0

8>><
>>: ð29Þ

dIRC
k

dD3

f ,m, r,DRL
3, opt, dopt

� 	
= 0

dIRC
k

dd
f ,m, r,DRL

3, opt, dopt

� 	
= 0

8>><
>>: ð30Þ

resulting in
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DRL
3, opt =

m3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4f 8 + 2m3f 6r+ f 2r 1+ f 2r � 2f 2ð Þm2

+ r �2f 2 + 3=4ð Þr + 1� 2f 2 + f 4ð Þm+ f 2r2

r

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2m3 + r + 1� 2f 2 + f 4ð Þm2

+ �2r+ 2f 2rð Þm+ r2

� �
f 2m3 f 2m� 2r+ f 2 � 2ð Þ+ r2

+ r � f 2 + 1ð Þ2m2 + rm �2� r + 2f 2ð Þ

� �s ð31Þ

lopt =
m f 2m2 + �2f 2 + 1=2r+ f 4 + 1ð Þm� r + f 2rð Þ

f 4m4 � f 2 �2r+ f 2 � 2ð Þm3 + �r+ f 2 � 1ð Þ2m2 + �2r + 2f 2r � r2ð Þm+ r2
ð32Þ

DRC
3, opt =

m3=2g

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2m3 + 1+ r � 2f 2 + f 4ð Þm2

+ �2g + 2f 2gð Þm+ g2

� �
f 4m3 + 1+ f 4 +(2g � 2)f 2ð Þm2

+ g2 � 2g + 2f 2gð Þm+ g2

� �s ð33Þ

dopt = � m2f 4 + 1+ f 4 +(g � 2)f 2ð Þm� g + f 2gð Þm
f 4m3 + 1+ f 4 +(2g � 2)f 2ð Þm2 + g2 � 2g + 2f 2gð Þm+ g2

ð34Þ

whereas the performance indices IRL
k min and IRC

k min
under their optimal settings are

IRL
k min =

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 m4f 6 + r2ð Þ+ f 2rm2 2mf 4 + 1+ rf 2 � 2f 2ð Þ
+ �2f 2 + 3=4ð Þr + 1� 2f 2 + f 4ð Þrm

� �
f 2m3 + �2+ 2f 2ð Þrm+ r2 + �2f 2 + r + 1+ f 4ð Þm2ð Þ

vuuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f 4m4 + 2rf 2 � 2r � r2ð Þm+ r2

�f 2m3 f 2 � 2� 2rð Þ+ �r � 1+ f 2ð Þ2m2

� �s ffiffiffiffi
m
p

r

ð35Þ

IRL
k min =

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2m3 + g + 1� 2f 2 + f 4ð Þm2 + �2g + 2f 2gð Þm+ g2

p
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p ð36Þ

Figure 7. Deflection directions of the system using an L circuit at (a) the first resonance, (b) the second resonance and (c) the third
resonance.
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Performance comparison

This subsection compares the performance of the
PBTVA shunt with the optimal RL and RC circuits,
respectively. The effects of the two optimal shunt cir-
cuits are illustrated on the same example system as dis-
cussed earlier in the article. Figure 8(a) and (b) shows
the performance index for each shunt circuit plotted
against their normalised dependences that are calcu-
lated with reference to their optimal values DRL

3, opt, lopt,
DRC

3, opt and dopt. The optimum (minimum performance
index) for each case is marked with a grey circle. Figure
8(c) plots the primary structure driving point mobility
against frequency for three different conditions: with-
out the PBTVA being mounted on the primary struc-
ture, with the optimally tuned RL and RC shunted
PBTVA on the primary structure. For the optimal RC
circuit, the resonance of the primary structure is effi-
ciently damped with limited amplification at the two

new resonances, while the optimal RL shunt circuit
tends to give higher steady-state responses around the
primary structure resonance frequency and only adds
slight damping to the structural mode of the PBTVA.
As a consequence, the performance index with the opti-
mally tuned RC shunt is about 20 dB better than the
RL shunt for the considered system. The advantage of
using RC circuit shunted PBTVA relies on the fact that
the RC circuit adjusts the effective damping as well as
the effective stiffness of the PBTVA so that the proposed
system is analogous to the classical TMD. The RL circuit
shunted PBTVA adds two poles and two zeroes (two
absorbers, namely, virtual absorber and physical
absorber) to the primary system, where only the virtual
absorber can be tuned. For the considered example sys-
tem, the virtual absorber at the optimal setting is tuned
to coincide with the primary structure mode and thus
has very little effect to the other mistuned physical mode.
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As noted in Figure 8(b), the upper limit of the verti-
cal axis is only slightly greater than 1, which in fact rep-
resents the stability limit. This is because the derived
optimal capacitance ratio dopt is 20.9206 for the con-
sidered example system, whereas the stability limit dcr1

defined in inequality (13) is equal to 20.9217. Based on
the analogy with the classic TMD, the effective optimal
resonance frequency ratio should be slightly lower than
1. Since the initial resonance frequency ratio f of the
system for the short connected case is almost 7.5 times
larger than 1, a negative value of d is thus needed in
order to decrease the effective frequency ratio accord-
ing to equation (15). Therefore, it is useful to analyse
some relative stability metrics of the system under the
optimal RC circuit.

In the following part of the study, the gain margin is
used for this purpose. In most cases, the resonance fre-
quency ratio f of the system for the short-circuit case
can be expected to be much larger than 1 since the
piezoelectric element is very stiff. Therefore, the gain
margin between the optimal dopt given in equation (34)
and the critical dcr1 given in inequality (13) as a func-
tion of the parameters f , m and g is studied, which is
defined as

MAG=
dcr1

dopt
=

m2f 4 + 1+ f 4 +(g � 2)f 2ð Þm� g + f 2gð Þ mf 2 + gð Þ
f 2 f 4m3 + 1+ f 4 +(2g � 2)f 2ð Þm2 + g2 � 2g + 2f 2gð Þm+ g2ð Þ ð37Þ

Figure 9 plots the gain margin against f and m for
three different values of g. It can be seen that the gain
margin defined in equation (37) is increased with an
increase in g or decrease in f and m. Nevertheless, this
gain margin is relatively small and in most cases is even
smaller than 0.2 dB. Therefore, it could thus be argued
that the system for the RC circuit case is barely stable
when the initial resonance frequency ratio f is much

larger than 1. On the contrary, if the practical design is
such that a short-circuit frequency ratio f is close to
unity, then much larger gain margins can be expected.
Thus, the design of the mechanical part should be per-
formed with care, using, for example, piezo-transducers
with a stroke magnification mechanism, which
decreases the short-circuit stiffness of the design.
Alternatively, a d31 piezoelectric effect could be used in
conjunction with bending beam designs, see for exam-
ple, Alujević et al. (2012). At the moment, a piezostack-
based PBTVA is under development for future experi-
mental tests (Zhao et al., 2012).

Besides H2 optimisation criterion, it is also possible
to tune the RL using the pole placement method, which
seeks to maximise the magnitude of the real part of the
system roots. This technique is also referred to as the
maximum damping criterion. As pointed out by
Preumont (2002), the maximum damping added to a
targeted mode by applying RL shunt circuit is deter-
mined to be half of the generalised modal electrome-
chanical coupling coefficient, which is defined by the
ratio of transferred energy and total energy and alter-
natively calculated as

Ki =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2

i � v2
i

v2
i

s
ð38Þ

where i represents the ith vibration mode of the struc-
ture; vi and Vi are the short-circuit and open-circuit
resonant frequencies associated with this mode.

For the considered example system, the maximum
damping that can be added to the first mode of the

Figure 9. Gain margin of the system with the optimal RC circuit against f , m and g.
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system is calculated as 0.58%, which is almost 3.5 times
larger than the damping achieved with the H2 optimal
setting. The difference between the damping achieved
with the two criteria is found to be sensitive to the
mechanical parameters f , m and g.

The parameter Ki at the primary structure mode is
studied, which can be approximated by assuming f is
much larger than 1, yielding

K1ð Þf�1 =

ffiffiffi
g
p

f 2(m+ 1)
+O

1

f 4

� �
ð39Þ

Equation (39) indicates that increasing g and m as well
as decreasing f will increase the benefit of applying the
proposed system in terms of adding more damping to
the primary structural mode.

In order to show the similarity between the optimally
configured classical TMD and the piezo-based TMD
shunt with the optimal RC circuit, the performance
index for the piezo-based TMD as given in equation
(36) is expanded into Taylor series with respect to the
inverse value of the resonance frequency ratio f , which
is again assumed to be much larger than 1

IRC
k min

� �
f .1

=
2pffiffiffiffi

m
p ffiffiffiffiffiffiffiffiffiffiffiffi

m+ 1
p +

p
ffiffiffiffi
m
p

(m� 1)

(m+ 1)3=2f 2
+O

1

f 4

� �
ð40Þ

If a classical TMD is used to suppress the vibrations
of the primary structure, the optimal performance
index representing the kinetic energy quantity used in
Warburton (1982) takes the form

Nopt =
1ffiffiffiffi

m
p ffiffiffiffiffiffiffiffiffiffiffiffi

m+ 1
p ð41Þ

where N is defined to be 2p times smaller than the per-
formance index Ik employed in this article. Apart from
this 2p factor, Nopt is thus the same as the lowest order
of the shortened expression given in equation (40). As
the higher orders of the Taylor expansion in equation
(40) are negative (the mass ratio is assumed to be smaller
than 1), this indicates that mounting a perfectly config-
ured PBTVA to a problematic primary structure pro-
vides a slightly better vibration reduction than using a
classical TMD provided the frequency ratio f is larger
than 1. Physically, the reason for this difference is due to
the fact that the configurations of the spring and the
damper in the two devices are different. For the piezo-
based TMD shunt with the RC circuit, they can be con-
sidered to be placed in series, while the spring and the
damper are in parallel for the classical TMD.

Conclusion

Various shunt circuits are discussed with the intent of
realising a piezo-based TVN and a piezo-based TMD

in this article. Several equivalent mechanical models of
the complete system are derived to better illustrate the
coupling of the electrical components with the mechan-
ical systems. The electrical elements resistors, inductors
and capacitors are translated as dampers, masses and
springs, respectively. It is shown that C and L circuits
can be used to realise a piezo-based TVN, while a
piezo-based TMD can be realised by RC and RL cir-
cuits. For the former case, tuning strategies for C cir-
cuit and L circuit are addressed. It is shown that the
reduction potential of both circuits is comparable, but
there are frequency limits in case of the L circuit while
there are stability concerns for the C circuit when nega-
tive capacitances are used.

For the piezo-based TMD, the optimal parameters
in the case of RC and RL circuits have been derived
using the H2 optimisation criterion. The performance
of the resulting optimal systems is compared, and it is
shown that as expected, the RC circuit outperforms the
RL circuit for a PBTVA in the sense of reducing the
kinetic energy of the primary structure. However, one
should bear in mind that the gain margin reduces with
an increase in the frequency ratio f when the optimal
RC circuit is connected to the PBTVA. It is also shown
that mounting a perfectly configured PBTVA to the
problematic primary structure is slightly better than
using a classical TMD. This is due to the fact that the
equivalent mechanical spring and the damper for the
piezo-based TMD case are mounted in series, whereas
with classical TMDs they are mounted in parallel.
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Appendix 1

Notation

C capacitor
L inductor
R resistor

Appendix 2

In this appendix to the article, it is shown that the mod-
els sketched in Figure 3(a) and (b) are equivalent. To
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prove the statement, the similarity of the motion equa-
tions for m1 and m2 in the two models is compared.
For the model shown in Figure 3(a), the equations of
motion can be written as

m1€x1 + d1 _x1 + d2 _x1 � _x2ð Þ+ k1x1 + k2 x1 � x2ð Þ
�km x1 � x2ð Þ � ke x3 � x2 + x1ð Þ=Fs ð42Þ

m2€x2 � d2 _x1 � _x2ð Þ � k2 x1 � x2ð Þ+ km x1 � x2ð Þ
+ ke x3 � x2 + x1ð Þ= 0 ð43Þ

It can be foreseen that the motion equations of the
model shown in Figure 3(b) will not contain the term
x3. Therefore, it should be replaced with other para-
meters. Applying the condition that the resultant force
at the point Pc1 is equal to 0 yields

ke + kcð Þx3 + ke x1 � x2ð Þ= 0 ð44Þ

which can be rewritten as

x3 =
ke x2 � x1ð Þ

ke + kc

ð45Þ

Substituting equation (45) into equations (42) and
(43) yields

m1€x1 + d1 _x1 + d2 _x1 � _x2ð Þ+ k1x1 + k2 x1 � x2ð Þ

�km x1 � x2ð Þ � kekc

ke + kc

x1 � x2ð Þ=Fs ð46Þ

m2€x2 � d2 _x1 � _x2ð Þ � k2 x1 � x2ð Þ+ km x1 � x2ð Þ

+
kekc

ke + kc

x1 � x2ð Þ= 0 ð47Þ

Let us now write down the motion equations for the
model shown in Figure 3(b). Before proceeding to the
equations, it is noted that two springs of series connec-
tion can be grouped into one equivalent spring to sim-
plify the analysis. For the case in Figure 3(b), springs kc

and ke can be represented by a new spring connected
between masses m1 and m2, which takes the form

kequivalent =
kekc

ke + kc

ð48Þ

Now it is easy to derive the equations of motion for
the model sketched in Figure 3(b), which can be written
as

m1€x1 + d1 _x1 + d2 _x1 � _x2ð Þ+ k1x1 + k2 x1 � x2ð Þ

�km x1 � x2ð Þ � kekc

ke + kc

x1 � x2ð Þ=Fs ð49Þ

m2€x2 � d2 _x1 � _x2ð Þ � k2 x1 � x2ð Þ+ km x1 � x2ð Þ

+
kekc

ke + kc

x1 � x2ð Þ= 0 ð50Þ

Comparing equations (46) and (47) with (49) and
(50), respectively, it can be proved that the models
shown in Figure 3(a) and (b) are equivalent.

Appendix 3

This appendix studies the deflection shapes of the sys-
tem at the corresponding resonances where an L circuit
is connected to the piezoelectric element. For this pur-
pose, the frequency response functions from the displa-
cements of masses m1, m2 and m3 to the exciting force
are first derived, which take the following normalised
forms

TL
1, 1 =

lmV2 + �m� lr � f 2lmð ÞV+ f 2m

Den
ð51Þ

TL
1, 2 =

�l r + f 2mð ÞV+ f 2m

Den
ð52Þ

TL
1, 3 =

mV

Den
ð53Þ

with Den= � lmV
3 +( f 2lm2 + lr+(1+( f 2 + r + 1)

l)m)V2 � (� f 2m2 � lr+(� f 2l� f 2 � 1)m)V+ f 2m

and V=v2=v1
2.

It can be seen that the considered system is a 3-
degree-of-freedom vibrational system without damping.
Therefore, it must have three real natural frequencies,
namely, Vp1, Vp2 and Vp3, representing the first, second
and third resonances, respectively (Vp1\Vp2\Vp3).
These parameters are obtained as the solutions of the
denominator Den

� lmV3 +
f 2lm2 + lr

+ 1+ f 2 + r + 1ð Þlð Þm

� �
V2

+
�f 2m2 � lr

+ �f 2l� f 2 � 1ð Þm

� �
V+ f 2m= 0 ð54Þ

Considering the numerator of equation (51), it is a
quadratic polynomial, which necessarily becomes 0 for
two frequencies, namely, V11

z1 and V11
z2 . In general, we

may make the following statement: the three resonance
frequencies are separated by the two zeroes of equation
(51), which can be better interpreted in inequality (55)

Vp1\V11
z1\Vp2\V11

z2 \Vp3 ð55Þ

Now, we introduce two new functions f1 and f2 to
represent the numerators of the equations (51) and (52),
respectively, which take the forms

f1(V)= lmV2 + �m� lr � f 2lm
� �

V+ f 2m ð56Þ

f2(V)= � l r + f 2m
� �

V+ f 2m ð57Þ

As the coefficient of the term V2 in equation (56) is
positive, f1(V) can be proved to be smaller than 0 when
the variable V is within the range between V11

z1 and V11
z2 ,
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while it is greater than 0 when the variable V is out of
this range. Using inequality (55), one can obtain the fol-
lowing inequalities

f1 Vp1

� �
. 0

f1 Vp2

� �
\ 0

f1 Vp3

� �
. 0

ð58Þ

It is seen that the numerator of equation (53) is posi-
tive for any given resonance frequency. In addition, the
frequency response functions shown in equations (51)
to (53) have the same denominator so that the motion
directions of the masses at each resonance frequency
are only determined by the signs of the numerators.
Therefore, it can be concluded that masses m1 and m3

are vibrating in phase at the first and third resonances,
while they move out of phase at the second resonance.

In order to better illustrate the motion direction of
mass m2 with reference to the other two masses, the
denominator Den is rearranged as

Den=(1�V)f1(V)� mVf2(V) ð59Þ

Considering the expression for f2(V) in equation
(57), it can be seen that f2(V) is equal to 0 when the
conditions l= f 2m=(r + f 2m) and V= 1 are satisfied.
The above pair of values is of particular interest since
the denominator Den as given in equation (59) is also
equal to 0, which means mass m2 does not vibrate at all
( f2(V) is equal to 0) at the resonance frequency V,
which is equal to 1.

Substituting the second resonance Vp2 into equation
(59) yields

1�Vp2

� �
f1 Vp2

� �
� mVp2 f2 Vp2

� �
= 0 ð60Þ

When Vp2 is smaller than 1, the first term of left-
hand side of equation (60) (1�Vp2)f1(Vp2) turned out
to be smaller than 0, which requires the second term
mVp2f2(Vp2) to be smaller than 0 as well. This statement
is true because the left-hand side of equation (60) has to
be equal to 0. Therefore, f2(Vp2) can be derived to be
smaller than 0 when the second resonance Vp2 is smaller
than 1. Using a similar procedure, it can be derived that
f2(Vp2) is greater than 0 when Vp2 is greater than 1. It
can also be stated that Vp1 should be smaller than 1 and
Vp3 should be greater than 1. Combining this statement
with the previous procedure, it can be derived that
f2(Vp1) is greater than 0 and f2(Vp3) is smaller than 0.

In conclusion, at the first resonance, the motion of
all the masses is in phase, while at the third resonance,
the motion of mass m1 is in phase with the one of mass
m3 and out of phase with the one of m2. Depending on
whether the second resonance is greater than 1, the
mode shape for this pole is different. When it is smaller
than 1, mass m1 moves in phase with mass m2 and out
of phase with mass m3. If it is larger than 1, the motion
of mass m1 is out of phase with the motions of masses
m2 and m3.
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